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Abstract 
A dispersion relation for the "drift" waves is obtained. Terms taking 
into account momentum exchange between charged particles and neutrals ex-
tend ear l ier resul ts to the case of partly ionized plasmas. The dispersion 
relation is solved numerically for the case of a Q-machine plasma in which 
a neutral gas is introduced. The effects of the neutrals on the maximum 
growxh ra te and on the corresponding wave-length parallel to the magnetic 
field are discussed. 
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Introduction 
Low-frequency ion waves propagating perpendicularly to the magnetic 
field in an inhomogeneous .ow-p (ratio of material to magnetic pressure) 
plasma have been investigated theoretically by N. D* Angelo . A dispersion 
relation was obtained on the basis of the macroscopic equations, resistivity 
being left out of account. It was shown that a wave propagating perpendicu-
larly to both density gradient and magnetic field, with a phase velocity equal 
21 to the ion pressure-gradient drift velocity, may exist. F. F. Chen ' has 
treated the problem including finite resistivity and finite values of the wave 
number parallel to the magnetic field. His most important result is that for 
very small wave numbers parallel to the magnetic field some of the modes 
can be excited by the pressure gradient. 
The purpose of this report is to examine how the different modes, 
found earlier, behave if the plasma i s not fully ionized. Two questions are 
of special interest: (1) Do the neutrals affect the growth rate of the unstable 
modes and, if so, in what way? (2) Does the parallel wave number for a 
given excitation shift towards higher values? The latter question i s inter-
esting from an experimental point of view because, in a fully ionized plasma, 
the most excited unstable modes have very large parallel wave-lengths, 
which are difficult to measure precisely. If the presence of a large number 
of neutrals reduces those wave-lengths considerably, the experimental 
verification of the excitation caused by the pressure gradient may be easier. 
Equations 
The analysis i s based on the Boltzmann moment equations: 
$ + V • (n Vj) = 0 (1) 
{£ + * • (nve) = 0 (2) 
v. 
n m i l f r * v i - W Y i > + » T ^ n * qn(v>- j j . B ) ' ? i e + f ^ (3) 
»T e *n - qn(V f - v e * B) * P ^ + P e n . (4) 
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The subscripts i, e and n denote ions, electrons and neutrals re-
spectively; the y's are the fluid velocities, T. the temperatures and v the 
electric potential; the P's take the collisions between the uifferent particles 
into account; e .g. , p. is the momentum transferred per unit volume and 
time from electrons to ions. We have neglected the electron inertia term, 
and each plasma component is taken to be isothermal. We also neglect vis-
cosity and changes in the magnetic field produced by the plasma motion 
(low-P approximation). Finally we assume charge neutrality (n. ~ n = nj. 
Since we are dealing with low-frequency oscillations, this assumption should 
be reasonably fulfilled. For simplicity the calculations are carried out in a 
Cartesian frame of reference. We take the B-field in the z-direction and 
the density gradient in the x-direction. 
The collision terms may be written as 
J . (5) 
i. e. the momentum transferred is proportional to the reduced mass, the 
cross section for momentum transfer <r . , the relative velocity v - of two 
colliding particles, and the difference between the two fluid velocities, in 
analogy with what is done in ref. 2 and for the same reasons as given there, 
only the z-components of the terms representing momentum transfer in 
collisions are retained. With nr ({ m. and m, 3 m = m, we can write the 
collision terms as 
J * 
• ^ m n n n ^ v ^ (v.z - vnz) 2 (6) 
where z is a unit vector in the z-direction. 
Equilibrium 
To perform a linearization analysis of the equations (1) to (4) we 
must first choose a zero-order state, A possible zero-order state will be 
one in which the electric field vanishes, the velocities have only y-compo-
".ents, the neutral density is constant, and the plasma density depends only 
on the x-co-ordinate. With these requirements eqs. (1) to (4) are satisfied 
if the y-components of the ion and electron velocities are the diamagnetic 
drift velocities 
o 2 ,.2 
c i c i 
v. « - — — Mx) ; v = a — — \(x) , (7) 
loy "c i ^ " ci 
where 
« c i " q B / m ; c . ^ . T j / m ; X.(x) = - n j 1 a njix ; p = V T i " 
In addition, the magnetic field i s uniform in space and constant in 
Perturbations 
To make the analysis reasonably simple we assume that the neutral 
particles form a fixed, cold background, i. e. we do not take into account a 
possible wave motion of the neutrals. Therefore, by linearizing eqs. (1) to 
(4) we obtain 
i ! - + v.. •? v. + v. -V v. . + — v n , + - ! * • , - -3- v . . x B t - i l -10 -IO - i l n 1 m T 1 m - i l — 
o 
n. i A 
- -år — v._ x B - a n . ff.v.lv , - v . , ) ? + u i i i , v .v. , z = 0 
m n - lo - o ei e i ' ezl i z l ' 2 n ni ni l z l 
o 
c 2 
P ; T V " I - m - ' n + m" Yel " § . + £ 7T Yeo * B <8> 
O O 
+ a n o ffei v e i ( v e z l " v izl> * + a n n "ne v ne v e z l 2 " ° 
d n l 
TT + n o y' ?i l + V n o • Yil + V n l • ?io " ° 
d n l 
- I r + n 0 » - v , 1 + v B o . y e l + » n 1 . veo - 0 , 
where 
We want to analyse waves propagating in the y-z plane, i. e. in the 
plane perpendicular to the density gradient. Therefore we take the per-
turbed quantities proportional to exp [i(k_y + k z - «t) J. We take the first-
order velocities and the potential to be independent of x. Since, for the case 
of electrostatic waves, n,/n • qf./kT, we have thereby chosen the first-
order density to have the same x-dependence as the zero-order density. We 
write 
, i(k v + k z - «t) 
nx • nx (x) e J 
i(kyy + kzz - *t) 
i{kyy+ k z z - « t ) 
-i, el " -i, el * ( 9 ) 
Now eqe. (8) lead to the following system of eight equations with the 
perturbed quantities as unknowns: 
-
i x v i l * + v i i y = 0 
icf Yy »• 0 + A ) v ^ x - l X » u y + i £ * , , • , • - 0 
le/ v2 ,+ (Tt - i» v*lz M I V ; . rei T;„ - o 
Tely = ° 
- i x , - » v * l x + i V y v * l y + i Y z v * l z =0 , 
(10) 
-i [ » • y » W e ' 6 ] - » v j , , + iVy v ^ y + i Yz , ; u - 0 
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where 
x -
& * 
r . = 
ei 
r . = 
m 
r = 
ne 
r i - r 
0 - Y v. 
*y ioy • 
± 7 « •" 
C l 
o ei ei 
"ci 
n n *ni v » 
"ci 
a n a v 
n ne ne 
Cl 
k 
0 = -2— ; Y = — 2 . ; Y = 
uci y »c i z 
» 
n i 
n o 
t 
» 
» 
• . + r . ; r = 
el ni ' e 
r , + r : r = r . + r 
ei ne * n m *ne 
*»ci 
. 
From the determinant of eq. (13) we obtain the dispersion relation 
for the "drift" waves 
x4[ w y re + I Y » ] + x3[ i . y v , - r e i 2) - \ 2 r„ - Yy2 P . ] 
• x2[A»Yy re + (i+p) ct2«ryY,a rel + iYy2 ( p ^ - r e l ' ) 
• 1(1+p) c / Yy2 Y22 + i Yz2(l+A) + 1(1+M c 2 Yz4] 
(11) 
+ X [Kl+PJCjSyY/b+tl+pjc/Yy^2 5+(l+A)Y1[2PII-iil»Yy(P^i-rel2) 
-(1+p) 6c.2Yy Yz2Pi+(l+p) »c2(l+A)YyYz2 P^ + i(l+p)(l+A) c 2YZ* • 0 . 
The dispersion relation (11) is reduced to that of ref. 1 (taken in the 
limit m e « 0) when Yz, r^, rng, P^, and A are put equal to zero. The 
condition A • 0 means that the zero-order density profile is taken to be 
exponential, i. e. X is constant. Similarly, the dispersion relation in ref. 2 
is obtained from eq. (11) by taking finite values of Yz and P ^ Into account. 
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Numerical Computation 
The dispersion relation i s solved by a standard numerical procedure. 
For this purpose we have chosen a caesium plasma i m m e r s e d in a magnetic 
field of 5 kG. We restrict ourse lves to the c a s e of a constant X. {A = 0). 
From experimental observations in Q-machines it i s known that the e-foldlng 
length of the density profile i s generally between 5 and 10 t imes the Larmor 
s3>. 
A typical value for the diameter of the plasma column in Q-machines i s 3 cm. 
Therefore, for an "m = 1" mode we may take Y = 1.8 • 10" s e c / c m . 
The resist ivity term, r -, i s specified by comparing the ion-e lectron 
momentum exchange term (5) with 
r e . = - q2n2i) (Yi - y e ) , , 
4) 
where the resist ivity, T) , i s given by ' 
, > 6 .53 - I 0 3 l n A 
• w onm cm, 
"e 
11 -3 We choose a plasma density of 10 cm , and we want to cons ider 
electron temperatures between 2.5 * 10 and 25 • 10 °K. Therefore we may 
take lnA constant and equal to 7 .5 . 
For the col l is ion terms concerning the interaction between the charged 
particles and the neutral gas we have to specify the re lat ive ve loc i t i es and 
the c r o s s sections for momentum transfer. Since we consider the neutral 
particles as a cold background, the velocit ies v and v. are essent ia l ly 
the electron and *Jie ion thermal velocity respect ively . In the derivation of 
the dispersion relation (11) we took the case of equal m a s s e s for the ions 
and the neutrals. Experimentally this applies to the c a s e of a caes ium p l a s -
ma and xenon as neutral gas . For the c r o s s sect ions we take the values for 
caes ium-caes ium '; they are <r * 3 • 10" cm and v.* 7 * 10" cm . 
*
 -
 ne m 
In the electron temperature range we are going to consider, the value for the 
electron-neutral croBs sect ion should be reasonably correct . We want to 
consider ion temperatures from room temperature up to 2. 5 • 10 °K. The 
c r o s s section mentioned for the ion-neutral col l i s ions i s not correc t for such 
low temperatures . Thus we s e e that neither v. nor v . i s determined ac-r
 in nx 
curately. However, it turns out that the ion-neutral co l l i s ions do not influ-
ence the essent ia l points in the discussion very much. We might even take 
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our results to be valid in the case of caeBium-xenon although the value of 
a . used includes the effect of resonant charge exchange. 
Results and Discussion 
(a) The Case of Tj - Te 
Fig. 1 shows a typical result of the numerical computation. The 
phase velocity in the y-direction normalized to the ion diamagnetic drift 
2 
velocity is plotted for different values of 6 . 6 is defined as the ratio be-
tween the parallel and the perpendicular component of the wave vector. 
This ratio, for small values, is essentially the angle between the wave 
vector and the y-direction. Positive imaginary parts of t^ k^  correspond 
to growing modes. Fig. 1 shows the case of a fully ionized plasma. The 
curves therefore coincide with those given in ref. 2 except for an unim-
portant, damped mode which we have lost by neglecting the electron inertia 
term. V is here taken negative as in ref. 2. 
Fig. 2 shows the solution for the case of a partly ionized plasma. 
The ratio n /n is taken to be 10 , and we now want to inspect this particu-
lar case. The mode labelled (4), which has a phase velocity almost equal 
to the ion drift velocity for all values of 6 considered here, is damped by 
the neutrals. This is not important physically because this mode is not 
excited either in the case of a fully ionized plasma. The imaginary part 
of this mode is not shown in fig. 1, but it is negative, although very small. 
The additional damping is due to the ion-neutral collisions. Therefore, 
according to want we noted in the last section the actual figures for this 
imaginary part cannot be trusted entirely. 
By comparing figs. 1 and 2 we also see that the entire family of 
2 
curves is shifted towards higher values of 8 , but the shape of the curves 
remains unchanged, i. e. the maximum growth rate for the modes which 
are growing for nQ « 0 is not changed by the neutrals. The mode (3) is a 
high-frequency mode (Mc/sec range). Therefore we fix our attention on 
the low-frequency mode (1), which is believed ' to be the mode seen in Q-
machine experiments '. The shift in the curves means that the parallel 
component of the wave-length, \ g , for which the maximum growth rate 
occurs, becomes shorter in the presence of neutrals. In fig. 3 we have 
plotted 6 for the maximum growth of mode (1) for different values of the 
ratio n /n . We see that kM increases with increasing n when the ratio 
n_/n is above 10 . Physical arguments show that this effect is reasonable. 
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The e lectr ic field of the wave parallel to the magnetic field is equal to the 
product of the current, J, and the res ist ivi ty , IJ . On the assumption that 
J i s independent of n , this product increases with n because the neutral 
particles will increase the res is t iv i ty along the B-Lines. If the potential 
difference between peak and trough along the plasma column i s independent 
of n , the product of the E-field and \ # i s independent of n . Therefore we 
may expect a smal l er wave-length corresponding to a higher res is t iv i ty . 
We noticed that the effects mentioned here only appear when the 
ratio n / n i s above 10 . This i s due to the fact that the ratio between the 
n' o 
Coulomb c r o s s sect ions and the c r o s s sect ions for ion-neutral and e lectron-
3 
neutral col l i s ions i s of the order of 10 . 
(b) The Case of TL ( T f i 
In this sect ion we want to analyse the c a s e of different ion and 
electron temperatures. We consider this case because of the well-known 
fact that the introduction of a noble gas into the plasma column of a Q-devlce 
changes the ion temperature considerably, whereas the electrons remain at 
the temperature of the hot end plate. To simulate this case we take our 
parameter p to be equal to 10. One could also obtain this, or even a greater, 
value of p by heating the e lectrons by microwave power. In f i g s . 4a and b 
we have plotted the low-frequency, excited mode of the dispersion relation 
(11) for p = 10 and n n /n Q = 1 0 4 ; in fig. 4a T£ * 2500oK, and in fig. 4b T e = 
2500°K. This means that fig. 4a corresponds to the case of heating the 
electrons and fig. 4b to the c a s e of cooling the ions . The fact that we have 
fixed the ion temperature at 2500°K in fig. 4a although the degree of ioniza-
Uon i s only 10 may s e e m unrealist ic for Q-dev ices . This choice makes 
comparison between different figures eas ier , and the more real i s t ic case of 
Tj = 250°K and (J = 300 would give analogous resu l t s . In both figures we 
have normalized i»/k, to the value of v. that corresponds to T, * 2500 K. 
Concerning the maximum growth rate we not ice by comparison b e -
tween f igs, 4 and 2 that i t s absolute value has been increased by the increase 
in Tfc and decreased by the decrease in T. (if we had plotted the growth rate 
versus the actual value of v, . we should have found an increase in both toy' 
c a s e s ) . In fig. 5 we have plotted the maximum growth rate and the c o r r e -
sponding phase velocity for different values of T <T- • 2500°K). The curves 
in the figure are independent of the ratio n n /n_ as in the case of T " T-. 
The resul ts obtained here may s e e m contradictory to what was ob-
served in the experiment of Blau et al. '. They excited low-frequency 
- 1 1 -
oscillations by introducing a noble gas into the plasma column in a Q-device. 
The amplitude was found to have maxima at the positions of the largest 
density gradients, i . e. one would expect the oscillations to be "drift" waves. 
We noticed above that the maximum growth rate decreases for decreasing 
Tj. It i s , however, difficult to apply our theory to the experiment of ref. 7, 
which was performed with the machine operating single-ended with a nega-
tive sheath. The negative sheath limits the parallel wave-length, but if the 
cold plate i s floating, an ion sheath will form there '. Therefore it i s im-
possible to figure out what values of \H we have to consider. It seems that 
much experimental work remains to be done in order to clarify these ob-
servations. 
We shall now fix our attention to the ratio of k- /k j for which the 
"drift"-mode (1) attains i ts maximum growth rate, and try to find out what 
Q-machine conditions favour the precise measurement of the parallel wave-
length of this "drift"-mode. The curve in fig. 3 i s almost unchanged when 
the ion temperature decreases, as will be seen later, i . e. k„ /k , i s nearly 
independent of the ion-neutral collisions. The perpendicular wave-length 
with which we are concerned here i s of the order of 10 cm; the lowest de-
-3 grees of ionization with which one can run Q-devices at present are 10 
10 . This means (fig. 3) that the parallel wave-length i s almost unchanged 
from the case of a fully ionized plasma (\ , •» SO m). We shall now look at 
the case in which the electron temperature is increased. If n • 0, thi« will 
lead to greater values of X, because of decreasing resistivity, but for n n /n 
sufficiently large the contribution to the resistivity from electron-neutral 
collisions dominates the effect from ion-electron collisions. This can be 
seen from fig. 6, where we have plotted k,, fk as a function of n / n for two 
different values of the electron temperature (T_ - 2.5 • 10 °K and T * 
o e e 
25 * 10 K). In both cases 0 • 10, but, as mentioned above, the curves are 
not very sensitive to changes in B. By comparing the curve in fig. 3 (B • 1) 
with the curve for the case of the same T in fig, 6 we s e e that the decrease 
in T. (factor of 10) causes a small increase in \„ (factor of 1.3). 
The two curves in fig. 6 intersect at n_/n0-» 50, i. e. for our partic-
ular choice of parameters the contributions to the resistivity parallel to the 
magnetic field from ion-electron and electron-neutral collisions are about 
equal for this value of n / n . For higher values of this ratio the parallel 
wave-length for maximum excitation of the "drift" mode (1) i s smaller in 
the case of higher T_ because of electron-neutral collisions. Taking again 
-3 -4 
a s lowest possible degrees of ionization 10 - 10 , we find that for our 
- 12 -
particular choice of the diameter of the plasma column the parallel wave-
length for maximum excitation is of the order of 10 m. 
Conclusions 
If we restrict ourselves to the low-frequency, excited solution of the 
dispersion relation (11), the following conclusions may be drawn. Hie 
maximum growth rate is independent of the ratio n /n provided that T- and 
T can be kept constant. In Q-machine plasmas this growth rate increases 
with the electron temperature, but is a decreasing function of the ion tem-
perature. The parallel wave-length for which maximum excitation occurs 
decreases when the ratio n /n increases if the ratio is larger than a mini-n' o 
mum value depending on the electron temperature. Finally, the parallel 
wave-length for maximum growth decreases when T increases for n /n 
sufficiently large. 
Our results may be related to experiments in Q-machines. In addi-
tion they may be relevant in the study of the ionosphere; they are of course 
not restricted to the values of n /n considered he*e. n1 o 
We have neglected the finite Urmour radius effects. Eqs. (1) to (4) 9) 
have been solved numerically, both viscous damping and FLR-effects 
being included. As in the case of a fully ionized plasma ', the inclusion 
of FLR-effects moves the real part of the "drift"-mode (1) from one to zero 
for ky - 0, Therefore the curve in fig. 5 giving the phase velocity for 
maximum excitation cannot be entirely trusted as far as actual figures are 
concerned. In the case of a partly ionized plasma our treatment may be 
more correct than the treatment including the FLR-effects. If the ion 
motion is almost entirely dominated by collisions, i. e, if the ion-neutral 
collision frequency, v. , is of the same order as or larger than the ion 
cyclotron frequency, then our treatment seems to be more correct. For 
15 -3 a neutral density of 10 cm . v . » n c. v. is of the same order as J
 ' in n in m 
w . . The results are thus mainly concerned with this collision-dominated 
regime. 
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